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The relations between integrable Poisson algebras with three genera- 
tors and two-dimensional manifolds are investigated. Poisson algebraic 
maps are also discussed. 
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Poisson algebras have been discussed widely in Hamiltonian mechanics and in the 
quantization of classical systems such as canonical quantization and Moyal product quan- 
tization, see e.g. [2|, ]3|, ||. In this paper we investigate the relations between manifolds 
and Poisson algebras. We find that there exist general relations between integrable Pois- 
son algebras with three generators and two-dimensional smooth manifolds, which gives 
manifest geometric meanings to the Poisson algebras and from which the Poisson algebraic 
maps can easily be discussed. 

A symplectic manifold (M, uj) is an even dimensional manifold M equipped with a 
symplectic two form u>, see e.g. [||, ||, 0, §]• Let d denote the exterior derivative on 
M. By definition a symplectic form uj on M is closed, du = 0, and non-degenerate, 
X\lj = =>- A = 0, where X is a (smooth) vector on M and J denotes the left inner 
product defined by (X\u)(Y) = uj(X,Y) for any two vectors X and Y on M. The non- 
degenerancy means that for every tangent space T X M, x G M, X G T X M, if uj x (X, Y) = 
for all Y G T X M, then X = 0. 

Infinitesimal symplectic diffeomorphisms are given by vectors. A vector X on M 
corresponds to an infinitesimal canonical transformation if and only if the Lie derivative 
of to with respect to X vanishes, 

C x uj = X\du + d(X\u) = 0. (1) 

A vector X satisfying (0) is said to be a Hamiltonian vector field. 

Since uj is closed, it follows from ([!]) that a vector A is a Hamiltonian vector field if 
and only if X\uj is closed. Since u is non-degenerate, this gives rise to an isomorphism 
between vector fields X and one forms on M given by A — * X\u. Let J-"(M) denote the 
real- valued smooth functions on M. For an / e JF(M), there exists a Hamiltonian vector 
field Xf (unique up to a sign on the right hand of the following equation) satisfying 

X f \ou = -df. (2) 

We call Xf the Hamiltonian vector field associated with /. 

Let f,g G JF(M), Xf and X g be the Hamiltonian vector fields associated with / and 
g respectively. The Lie bracket [Xf ,X g ] is the Hamiltonian vector field of oj(Xf, X g ), in 
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the sense that 

[X f ,X g ]\u = C Xf (X g \u) - X g \(C Xf u) 

= X f \ d(X g \ U ) + d(X f \ (X g \ u))-X g \ d(X f \ u) 
= -d{u(X f ,X g )), 

where the Cartan's formula for the Lie derivative C x = ix ° d + d o i x of a vector X has 
been used. The function —u(Xf, X g ) is called the Poisson bracket of / and g and denoted 
by [f,g]p.B., 

[f,g] P .B. = -oo(X f ,X 9 ) = -X f g. (3) 
Since u is closed, the so defined Poisson bracket satisfies the Jacobi identity 

[/, [g, h] P . B ]p.B. + [g, [h, f}p.B.}p.B. + [h, [f, g}p.B.}p.B. = o . 

Therefore under the Poisson bracket operation the space C°°(M) of all smooth functions 
on (M, oj) is a Lie algebra, called the Poisson algebra of (M,u). 

In general one calls Poisson algebra any associative, commutative algebra A over IR 
with unit, equipped with a bilinear map [, ]p.b., called Poisson bracket satisfying 

1) Antisymmetry [f, g] P , B , = -[g, f) RB _, 

2) Derivation property [fg, h} P . B . = f[g, h] P . B . + g[f, h] P . B ., 

3) Jacobi identity [f, [g, h] RB ] PB , + [g, [h, f} PB ] PB . + [h, [f, g} PB ] P . B . = 0, 
for any f,g,he A. 

Now let A be a Poisson algebra with three generators (xi,X2,X3) = x and a Poisson 
bracket of the form 

3 

[Xi, Xj] P .B. = X! e ijkfk > (4) 
k=l 

where is the completely antisymmetric tensor and fi, i = 1,2, 3, are smooth real-valued 
functions of x, restricted to satisfy the Jacobi identity: 

[Xi, [x 2 ,X 3 ]p.b]p.B. + [X2, [x3,Xx]p.B.]p.B. + [^3, [xi, X 2 }p.B.}p.B. 

dfi dfx df 2 dpi f , df 3 9f 3 
— — J3 — ^ — J~ 2 + q — h — « — J3 + q — J2 — t; — h — u • 
OX2 OX3 0X3 0X1 0X1 0X2 



[Definition 1]. The Poisson algebra (£|) is said to be integrable if /j satisfies 

i,j = 1,2,3. (5) 



dfi _ df 3 



dxj dxi ' 
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Obviously the integrability condition (^) is a sufficient condition for the Poisson algebra 
(fD to satisfy the Jacobi indent ity. 

Let T be the space of smooth real-valued functions of x, x G IB 3 . We consider the 



realization of the Poisson algebra A in IB 3 and will not distinguish between the symbols Xi 
of the coordinates of IB 3 and the generators of A. In the following M will always denote 
a smooth two dimensional manifold smoothly embedded in M 3 . 

[Theorem 1]. For a given integrable Poisson algebra A there exists a two dimensional 
symplectic manifold M described by an equation of the form F(x) = c, x G M 3 , with 
F G T and c an arbitrary real number, such that the Poisson algebra generated by the 
coordinates of M coincides with the algebra A. 

[Proof]. A general integrable Poisson algebra is of the form (|j), 



where fi, i = 1,2,3, satisfy the integrability condition (|5|). What we have to show is 
that this Poisson algebra can be described by the symplectic geometry on a suitable 
two dimensional symplectic manifold (M,u), in the sense that the above Poisson bracket 
can be described by the formula (0), i.e., the Poisson bracket [xi,Xj]p,B. is given by the 
Hamiltonian vector field X x . associated with Xi such that 




[Xi,Xj]p_B. — —X x .Xj 




(6) 



with Xi the coordinates of the two dimensional manifold M in IB 3 . 



Let X' x G M 3 be given by 



X' 




dx k 







(7) 



Then XL. satisfies 




X Xi %i — 




A general two form on IB 3 has the form 



uj = — — 



eijkhidxj A dx 

i,j,k=l 



k ! 



(8) 
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where hi G J 7 , i = 1, 2, 3. 

We have to prove that x can be restricted to a suitable 2- dimensional manifold M C iR 3 
in such a way that coincides with the Hamiltonian vector field X Xi and uj' is the 
corresponding symplectic form u on M. 

A two form on a two dimensional manifold is always closed. What we should then 
check is that there exists M C IB? such that for x restricted to M the formula @) holds 
for / = Xi, i.e., 

X^Jw' = -dxi Xi^M, i = l, 2, 3. (9) 

Substituting formulae @ and (0) into @ we get 

3 d 1 3 

-^scj a; ' = — 6 ijkfjQ J 2 e lmnhldx m A d,X n 

j,k=l * l,m,n=l 

1 3 

2 ^ ] £ijk£lmnfjhl(3km,dx n fikndXm) 
Imnjk 

3 

^ ] ^ijk^lknfjhldx n G?Xj . 

inj'fc 



That is, 

(1 - / 2 /i 2 - f 3 h 3 )dxi + f 2 hidx 2 + f 3 hdx 3 = 0, 

(1 - / 3 /i 3 - f 1 h 1 )dx 2 + f 3 h 2 dx 3 + fih 2 dx 1 = 0, (10) 
(1 - Mi - f 2 h 2 )dx 3 + fih 3 dx! + f 2 h 3 dx 2 = 0. 

Let us now look at the coefficient determinant D of the dx^ in the system (|TUp. By a 
suitable choice of hi,h 2 , h 3 we can obtain that D is zero. This is in fact equivalent with 
the equation 

hh + f 2 h 2 + f 3 h 3 = i (li) 

being satisfied. The fact that D = implies that there exists indeed an M as above. 
Substituting condition (|TlD into fllPl) we get 



fidx x + f 2 dx 2 + f 3 dx 3 = . (12) 
From the assumption (pj) we know that the differential equation flTjl) is exactly solvable, 



in the sense that there exists a smooth (potential) function F G T and a constant c such 
that 

F(x) = c (13) 
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and dF/dxi = fy. The above manifold M is then described by (P~5j) . 

Therefore for any given integrable Poisson algebra A there always exists a two di- 
mensional manifold of the form flllf ) on which X' x . in (0) is a Hamiltonian vector field 
and the Poisson bracket of the algebra A is given by X' x . according to the formula (|3|), 

[Xi,Xj]p, B . = -X' x .Xj = Y,\=l e ijkfk- 

The two dimensional manifold defined by ([13]) is unique (once c is given). Hence an 
integrable Poisson algebra is uniquely given by the two dimensional manifold M described 
by F(x) = c. ■ 

Before going over to investigate the Poisson algebraic structures on general two dimen- 
sional manifolds, we would like to make some remarks on special symplectic properties of 
two dimensional manifolds. 

[Proposition 1]. Let M be a two dimensional manifold embedded in iR 3 . If oj is a 
symplectic form on M, then for a(x) ^ 0, Vi 6 iR 3 , a~ l uj is also a symplectic form on 
M. 

[Proof]. As M is two dimensional, the two form a~ x uj is closed, i.e., d(a~ l uj) = 0, and 
oT x lo is nondegenerate, as to is nondegenerate. Hence oT x lo is also a symplectic form on 
M. m 

[Proposition 2]. For f,g,he JF(M), if [/, g]p.B. = h on the symplectic manifold (M, ou), 
then [/, g]p.B. = ah on the symplectic manifold (M, a~ x uj), a(x) ^ 0, Vx e iR 3 . 

[Proof]. From formulae (0) and ([3]), on the symplectic manifold (M, uj) the symplectic 
vector field Xf satisfies Xf\u = —df and [f,g]p.B. = ~Xfg = h. If u is changed to 
be a~ l u, then Xf becomes aXf such that aXf\a~ 1 uj = —df. Therefore on (M, a _1 u;), 
[f,g}p.B. = -aX f g = ah. m 

From the properties in Propositions 1 and 2 we define an equivalent class of Poisson 
algebras on two dimensional manifolds. 

[Definition 2]. On a two dimensional manifold embedded in iR 3 , a Poisson algebra A 
is equivalent to a Poisson algebra B if the Poisson bracket on A is the same as the one 
on B, multiplied by some common non zero factor a(x), Vx G iR 3 . 

[Theorem 2]. For a given smooth two dimensional manifold M embedded in iR 3 of the 
form F(x) = 0, F £ J 7 , x E iR 3 , x generates a Poisson algebra with the following Poisson 
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bracket: 

[xu xjIp.b. = }^ e ijk -^—. (1 

This is unique in the sense of the equivalence in definition 2. 

[Proof]. We asssume the symplectic form uj and the Hamiltonian vector field X x 
M are of the following general form: 

1 3 

u = -~ tijkh'idxj A dxk , 

i,j,k=l 
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X Xl = J2 ^f 3 Q~, i = 1,2,3, (1 
j,k=i ™ 

// G J 7 , i = l,2, 3. From X^Ju; = — cfej we have 

(1 - - /^dm + f^h[dx 2 + /^da* = 0, 
(1 - m - f[h[)dx 2 + /^dz 3 + /i^dxj = 0, (1 
(1 - f[h[ - f^h' 2 )dx 3 + f[h' 3 d Xl + &h' 3 dx 2 = 0, 
where dx are not independent since F(x) = implies 

£^^ = 0. (1 

Therefore the coefficient determinant of the system (pT6|) is zero, which gives 

i=l 



Hence the system of equations (0) becomes 



E/;^ = o. (i 

8=1 



Equations flT7|) and (0) give rise to 



fi(x) = a(x)??& , i= 1,2,3, (1 



where 7^ 0, Vx G -R 3 . 

From fCLOD the Hamiltonian vector field (fl~5f) takes the form 



X *< =a{x) ^ k -dx-dx- k - (2 



Using formula (0) we have 



[xi, Xj]p. B . = a(x) e ^ fc ~^~ ' ( 21 ) 



fc=i 



This is just the formula ( [H] ) under the equivalence definition 2 of Poisson algebras on two 
dimensional embedded manifolds. ■ 

It should be noted that if F(x) = defines a smooth two dimensional manifold M 
in M 3 , then a(x)F(x) = 0, a{x) ^ 0, Vx G iR 3 , also defines the same manifold M. By 



formula (14) we see that F{x) = and a(x)F(x) = give rise to the same Poisson algebra 
under the algebraic equivalence given by definition 2. 

As F G J 7 , we have that 

d fdF(x)\ d fdF(x)\ 



dxj \ dxi J dxi \ dxj 



i,j = 1,2,3. 

Therefore the Poisson algebra given by (|T4"D is by definition integrable and it is uniquely 
given by the manifold M. 

[Definition 3]. C G T is said to be a center of the Poisson algebra (|) if it satisfies 
[xu C]p. B . = 0, % = 1, 2, 3. 

[Corollary 1]. The center elements of the Poisson algebra on the two dimensional 
manifold F[x) = are (1, F(x)). 

[Proof]. From formulae (^) and fl2"Hp we have 

K F{x)] P . B . = -X Xi F(x) = J2 e ijk dF{ - x)dF{x) = , • = 1, 2, 3, 

j,k=i ax i OXk 

from which the proof follows. ■ 

[Corollary 2]. For /, g G J 7 , if x satisfies the Poisson algebraic relations (|Tip, then 

\f 1 ( \ ST dfdF\x)dg 

[f,9]p.B.{x) = ~ J>^^-^-. (22) 



[Proof]. The Hamiltonian vector field associated with Xi giving rise to the algebra (pT|) 
is given by formula ( p0|) and satisfies 

X^Ja; = -cfej . (23) 
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On the other hand the Hamiltonian vector field Xf associated with / satisfies by definition 

X f \u = -df. (24) 



From ( p3|) and (|20|) the right hand side of equation (24) reads 



3 df 3 df 

-df = -Ezr^ = E«r(^J w ) 

i= l UXt i=1 CXj 

3 df_(x m^d 



Substituting it into (pi]) we have, as is non degenerate, 

f ij^ =l ljk dxidxjdx k 



Therefore by definition 



If 1 II y V" dfdFdg 



Theorem 1 and Theorem 2 establish relations between two dimensional smooth mani- 
folds and Poisson algebras with three generators. In what follows we study some properties 
related to smooth Poisson algebraic maps. 

Let A resp. B be two integrable Poisson algebras with related two dimensional mani- 
folds Ma resp. Mb defined by Fa(x) = resp. Fs{y) = in Ft 3 , where x = (xi,X2,xs) 
resp. y = (yi, 2/2, Jte) are the generators of the algebra A resp. B. 

[Therom 3]. If the smooth algebraic map y(x) = (yi,V2, y3)( x ) gives rise to the algebra 
B, then y satisfies Fsijj) = 0. 

[Proof]. From Theorem 2 the Poisson algebra A is given by 

r 1 ^ dF A (x) 

[Xi,Xj\p,B.— 2.^ e V k ~ 



Using formula (p2|) of Corollary 2 we have 



[j/i,%-]p.fl.w = - L e ^^r^-^r- ( 25 ) 

l,m,n=l UM UXm UXn 
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Since Fa(x) = 0, we have that the not independent. Without loosing 

generality we take x\ and x 2 to be independent. By using the relation 



equation (pop becomes 



ri dxi 



r ~ ~ i / \ dF A (x) ( dy { dyj % dyA 
From Theorem 2 the Poisson algebra B is given by 

r l ^ ^B(y) 

i,j,k=l 

Hence if the smooth map y(a;) = (2/1,2/2, 2/3) (#) gives rise to the algebra B, then 

i,j,fc=l *"» 



From ( P6|) and ( 27|) we obtain 



di^z) / % % % dyA _ A ^ 9F B (y) _ 

8|) has three different equations for z = 1, j = 2 resp. i = 2, j = 3 resp. i = 3, j = 1. 

fa resp . fi resp . fa 



Multiplying these equations by f 2 - resp. f 1 resp. f^, Z = 1,2, and summing these 



equations together we get 



0, Z = l,2. 



dxi 

Therefore Fsiy) is independent of xi, I — 1,2, and Fs{y) = constant. This constant can 
be taken to be zero, since addition of a constant does not change the Poisson algebraic 
structure of the manifold. ■ 

[Therom 4]. If the map y(x) = (2/1, 2/2 j 2/3) (^O satisfies F B (y) = 0, where x satisfies 
Fji(x) = 0, then y generates the Poisson algebra B. 

[Proof]. From Theorem 2 we know that there is a unique Poisson algebra B associated 
with the manifold Mb (up to the algebraic equivalence given in definition 2). Hence if y 
satisfies F B (y) = 0, then y generates the algebra B. m 

Summarizing, we have discussed the relations between integrable Poisson algebraic 
structures and two-dimensional manifolds and have proved that there is a unique relation 
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between integrable Poisson algebras and two-dimensional smooth manifolds. We have also 
shown that the sufficient and necessary condition for a smooth Poisson algebraic map y(x) 
to act from an integrable Poisson algebra A into an integrable Poisson algebra B is that 
both Fa(x) = and Fb{v) = are satisfied. These conclusions can be extended to the 
infinite dimensional case, see |§. 
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